Geometric Proofs:
Angle Chasing
ERHS Math Club
1. Angles in circles –The measure of an arc is defined as the measure of the central angle that subtends the arc:

[image: image1]
a. The measure of an inscribed angle is one-half the measure of the subtended arc. Prove this in the case above. (Hint: use equal radii and isosceles triangles)
b. Prove that in a cyclic quadrilateral the sum of the measures of opposite angles equals 180°.
c. Let ABCD be a cyclic quadrilateral. Show that <ABD = <ACD.
d. Note the converses of b and c are also true. (Can you prove it?)
2. Special Centers and Special Angles- Label ALL angles in the pictures below, in terms of A, B, and C!
a. Circumcenter (Assume ABC is acute)
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b. Orthocenter (Assume ABC is acute)
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i. Prove that the orthocenter is the incenter of triangle DEF.
c. Incenter
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d. Excenter –The excircle opposite A is the circle tangent to sides AB, AC and side BC. The excenter is the center of this circle.
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e. Let I be the incenter of ABC, IA be the excenter opposite A, and M the midpoint of arc BC (not including A) in the circumcircle. Prove that B, I, C, and IA lie on a common circle centered at M.
3. Miquel’s Theorem for Triangles
a. Let ABC be a triangle. Points X, Y, Z are on BC, CA, and AB, respectively. Draw the circumcircles of AYZ, BZX, and CXY. What do you conjecture?

b. Prove that the circumcircles of triangles AYZ, BZX, and CXY meet at a common point. Hints:
i. Use point redefinition. Take away one circle, and just look at the remaining two. Take the intersection point of, say, AYZ and BXZ, and call it P.

ii. Now label some angles and show the other circle passes through P as well.

c. In triangle ABC, points Y and Z are on AC, AB, respectively. P is a point on the circumcircle of AYZ, on arc YZ not including A. The circumcircles of BZP and CYP intersect at point X other than P. Prove that X lies on side BC.
4. Miquel’s Theorem for Complete Quadrilaterals and Spiral Similarity A complete quadrilateral consists of the 4 lines (sides of a quadrilateral) and the 6 intersections determines by pairs of the lines. In the figure below ABCDEF is a complete quadrilateral.

a. Draw the circumcircles of EBC, EAD, FCD, and FBA. What do you notice?
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b. Prove that these 4 circles intersect at one point. Hint:

i. Like in #3, let P be the intersection point of 2 of the circles. Show that this point lies on the other 2 circles.

c. A spiral similarity is the composition of a rotation and a dilation about the same point. Show that triangle PAB is similar to triangle PDC. Conclude that P is the center of a spiral similarity that takes segment AB to DC.

d. What other pairs of similar triangles can you find?

e. Construct the center of the spiral similarity taking AD to CB. Justify your answer.

f. Prove that the circumcenters of EBC, EAD, FCD, and FBA, and P, all lie on the same circle.
5. The Simson Line
a. Let P be a point on the circumcircle of triangle ABC. Let D, E, F be the feet of the perpendiculars from  to AB, BC, and CA, respectively. What do you notice about D, E, F?

b. Prove your conjecture. Hint:

i. Right angles give lots of cyclic quadrilaterals. In fact, there are 3 more.

c. [ISL 1997] Let [image: image7.png]


be a triangle. [image: image8.png]


is a point on the side [image: image9.png](BC)



. The line [image: image10.png]


meets the circumcircle again at [image: image11.png]


. [image: image12.png]


is the foot of the perpendicular from [image: image13.png]


to [image: image14.png]


, and [image: image15.png]


is the foot of the perpendicular from [image: image16.png]


to [image: image17.png]


. Show that the line [image: image18.png]


is a tangent to the circle on diameter [image: image19.png]


if and only if [image: image20.png]


.
Some problems:

1. ABCD is a cyclic quadrilateral. The center of its circumcircle, O, is on AB. Its diagonals AC, BD intersect at E. Let P be the circumcenter of CED. Prove that <OCP=90°.

2. Fermat point – Let ABC be an acute triangle. Erect equilateral triangles ABC’, BCA’, and CAB’ outwards on the sides of ABC.
a. Prove that the circumcircles of ABC’, BCA’, and CAB’ meet at a point.
b. Prove that AA’, BB’, and CC’ are concurrent. They intersect at the Fermat point P, the point where PA + PB + PC is minimal.
3. Let P be a point inside triangle ABC and Q a point inside ABC such that <PAC=<QAC, <PBC=<QBA, <PCA=<QCB. (Q is called the isogonal conjugate of P) Let the feet of the perpendiculars from Q to AB and AC be D and E. Show that AP is perpendicular to DE.
4. For a point P inside ABC, the pedal triangle of P with respect to ABC is PAPBPC, where PA,PB,PC denote the projections of P onto sides BC, CA, and AB, respectively. Let PA’PB’PC’ denote the pedal triangle of P with respect to PAPBPC and PA’’PB’’PC’’ the pedal triangle of P with respect to PA’PB’PC’. Show that ABC and PA’’PB’’PC’’ are similar.
5. [HMMT 2008] ABC is a triangle with incenter I. Let D; E; F denote the points where the incircle of ABC touches sides BC;CA;AB, respectively. Let lines BI and EF meet at K.

a. Show that I;K;E;C;D are concyclic.
b. Let M be the midpoint of BC and N the midpoint of AC. Show that K lies on line MN.

Olympiad Problems
All problems are from actual contests!

[Balkan 2006/2] 
Let be a triangle and [image: image22.png]


a line which intersects the sides [image: image23.png]


and [image: image24.png]


at interior points [image: image25.png]


and [image: image26.png]


, respectively, and intersects the line [image: image27.png]


at a point [image: image28.png]


such that [image: image29.png]


lies between [image: image30.png]


and [image: image31.png]


. The parallel lines from the points [image: image32.png]


, [image: image33.png]


, [image: image34.png]


to the line [image: image35.png]


intersect the circumcircle of triangle [image: image36.png]


at the points [image: image37.png]Aq



, [image: image38.png]134



and [image: image39.png]'y



, respectively (apart from [image: image40.png]


, [image: image41.png]


, [image: image42.png]


). Prove that the lines [image: image43.png]


, [image: image44.png]


and [image: image45.png]


pass through the same point.

[USAMO 2005/3] 
Let be an acute-angled triangle, and let [image: image47.png]


and [image: image48.png]


be two points on its side [image: image49.png]


. Construct a point [image: image50.png]'y



in such a way that the convex quadrilateral [image: image51.png]


is cyclic, [image: image52.png]


, and the points [image: image53.png]'y



and [image: image54.png]


lie on opposite sides of the line [image: image55.png]


. Construct a point [image: image56.png]134



in such a way that the convex quadrilateral [image: image57.png]


is cyclic, [image: image58.png]


, and the points [image: image59.png]134



and [image: image60.png]


lie on opposite sides of the line [image: image61.png]


. 
Prove that the points [image: image62.png]134



, [image: image63.png]'y



, [image: image64.png]


, and [image: image65.png]


lie on a circle.

[TST 2007/1] Circles [image: image66.png]LM



and [image: image67.png]oy



meet at [image: image68.png]


and [image: image69.png]


. Segments [image: image70.png]


and [image: image71.png]


are chords of [image: image72.png]LM



and [image: image73.png]oy



respectively, such that segment [image: image74.png]


and ray [image: image75.png]


meet at [image: image76.png]


. Ray [image: image77.png]


and segment [image: image78.png]


meet at [image: image79.png]


. Point [image: image80.png]


lies on [image: image81.png]LM



such that [image: image82.png]PY || BD



. Point [image: image83.png]


lies on [image: image84.png]oy



such that [image: image85.png]PZ || AC



. Prove that points [image: image86.png]


are collinear.

[TST 2007/5] 
Triangle is inscribed in circle [image: image88.png]


. The tangent lines to [image: image89.png]


at [image: image90.png]


and [image: image91.png]


meet at [image: image92.png]


. Point [image: image93.png]


lies on ray [image: image94.png]


such that [image: image95.png]


. Points [image: image96.png]134



and [image: image97.png]'y



lie on ray [image: image98.png]


(with [image: image99.png]'y



in between [image: image100.png]134



and [image: image101.png]


) such that [image: image102.png]


. Prove that triangles [image: image103.png]


and [image: image104.png]


are similar to each other.

[USAMO 2006/6] Let [image: image105.png]


be a quadrilateral, and let [image: image106.png]


and [image: image107.png]


be points on sides [image: image108.png]


and [image: image109.png]


respectively, such that [image: image110.png]A2 _ 28
ED ~ FC’



Ray [image: image111.png]


meets rays [image: image112.png]


and [image: image113.png]


at [image: image114.png]


and [image: image115.png]


respectively. Prove that the circumcircles of triangles [image: image116.png]SAL,
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and [image: image119.png]


pass through a common point.
 [China 2008] Let [image: image120.png]


be a triangle, line [image: image121.png]


cuts its sides [image: image122.png]BC.CA . AD



at [image: image123.png]


, respectively. Denote by [image: image124.png](1,042,053



the circumcenters of triangle [image: image125.png]AEF. BDFD . CDE



, respectively. Prove that the orthocenter of triangle [image: image126.png](110203



lies on line [image: image127.png]


.
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Further Study


Concurrency and Collinearity


*Special centers (incenter, centroid, circumcenter, orthocenter, 9-point center, Lemoine point, Gergonne point, Nagel point)


*Ceva’s/Menelaus’s Theorems


Carnot’s Theorem


*Euler line


Lemoine line


Pappus’s Theorem


*Pascal’s Theorem


Brianchon’s Theorem


*Simson line


Fermat (Toricelli) point


Brocard points


*Isogonals, isogonal conjugates


	Six-point Theorem


*Symmedians


Desargue’s Theorem


Steiner’s Theorem


*Gauss Line (technique- using areas to prove collinearity)


Circles


*Cyclic quadrilaterals


*Nine-point circle


Tucker’s circle


*Miquel’s Theorem








*Power-of-a-Point


	*Radical axis, radical center


*Ptolemy’s Theorem/ Inequality


*Apollonius circle


Transformations


*Rotation


*Spiral Similarity


*Homothety (Dilation)


Using projection (onto a line)—see Erdős-Mordell inequality


Projection (onto a plane)


Pole-polar transformation


Harmonic division, harmonic quadrilateral


Butterfly Theorem


Computational/ Analytic


*Law of Sines/Cosines


Stewart’s Theorem


Brahmagupta’s/ Heron’s formula


Pedal Triangles


Lagrange’s Theorem


Euler’s formula


Barycentric coordinates


Using complex numbers


Using vectors





Recommended Book


Geometry Revisited by Coxeter











