Lecture 18 — Generating functions

Holden Lee
4/23/11

1 Introduction

Generating functions offer a way to convert combinatorics questions into purely algebraic
and analytic questions. The basic idea is this: we take a sequence ag, ay, as, ..., usually
representating something of combinatorical interest—for example, a,, could be the number
of ways to make change with n cents (see the first lecture)—and then associate with it a
power series.

Definition 1.1: The generating function of the sequence ag, a1, ao, ... is the formal
series

(e,
g ™ = ag + a1x + agxt + - - .
n=0

To find the a,, or identities involving the a,, we rewrite the generating function in
terms of familiar functions using algebra and calculus, manipulate the equation, and then
extract the coefficients.

In Sections [2| we develop the algebraic and analytic machinery of generating functions;
in Sections [3| and [] we give applications to algebra and combinatorics. An impatient
reader may also wish to skip to the examples, and look up the relevant algebraic and
analytic facts as needed.

In our above definition, we said that a generating function is a formal series. But
what exactly is a formal series?

2 Formal series

2.1 The ring of formal series

Definition 2.1: Let R be a ring. The ring of formal (power) series in R is the set
of all expressions

o0
g ™ = ag + a1 + asx® + - - - .
n=0

The ring of formal series will be denoted by R[[z]] (compare to the ring of polynomials
Rlz]).

We will work exclusively with R = R, i.e. formal series with real coefficients. Just like
polynomials, we can repeat this process to obtain formal series in more than one variable,
to get R[[2]J[[yl] = Rl[z, y]], etc.



OMC 2011 Generating functions Lecture 18

Note a formal series is not a function. Right now we don’t care whether the sum
Yoo g anx™ “converges.” Don’t think of z as being the input value for a function; think
of it just as the symbol z. Note this perspective was useful in our development of
polynomials; it will also be essential for our development of formal series. (In Section
we will look at formal series as functions.)

We said R is a ring, meaning that it has addition and multiplication defined, satisfying
the “usual” properties (see lecture 8). If f and g are power series, we define f + g by
adding corresponding terms and multiplication by multiplying every term in f and every
term in g, and adding. In symbols, if

Fa) = 3
g(x) = bpa"
n=0
then
f@) +g(x) = (an+by)z"
F@)g(@) =3 (anbo + anotby + - + arbyy + aghy)z". (1)
n=0

Note that the coefficient of fg is the sum of products of coefficients in f and coefficients
in g, where the corresponding exponents sum to n.! This generalizes to the product of
m factors in the obvious way (for 3 sequences f(x)g(x)h(x) =3, ;. )—, aibjcra™, and so
on), and will be important for combinatorial interpretations.

It is simple to check that we have additive inverses and that the normal rules dis-
tributivity, commutativity, and associativity hold. We will leave this for the fastidious
reader.

There is one more thing we could do: we can compose power series, that is, substitute
one in for the other.

Definition 2.2: Given f(z) =Y~ a,z" and g(z) = > b,z", define the composi-
tion f o g to be

fogla) =" ang(x)"

Note this makes sense, because for n > 0, the coefficient of ™ in fog will only depend
on the partial sum > " _ a,g(x)™ (why?). Note that we require the constant term of g
to be 0 to avoid an infinite sum for the constant term. This way, the constant term of
f o g equals ag, the constant term of f.

2.2 Inverses
If f is a power series, a logical question is whether % or f~!is well-defined. You may
know the geometric series formula,

1
1—=x

=l+z+a>+2°+--

!The sequence of coefficients of f(z)g(x) is called the convolution of {a,} and {b,}.

2
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which says that 14z + 2?4 - - - is the multiplicative inverse of = in R[[z]]. Indeed you
can check using our definition of multiplication that (1 —z)(1+x +z*+---) = 1. Now
we see under what conditions % and f~! exist.

Theorem 2.3: Suppose f = >~ a,z" where ap # 0. Then there exists a unique g
such that fg = 1. g is called the multiplicative inverse of f and denoted by %
Moreover, the coefficient of 2™ in g only depends on ay, ..., a,.

Proof. We find the coefficients bg, b1, ... of g inductively. To make the constant term 1
we need by = %

Suppose we know that g starts with by +byz+- - - +byz® and f(x)(bo+byx+- - -+ bpx¥)
has coefficients of 1,z, ..., 2" all equal to 0. Now we define by, so that the coefficients
of 1,z,...,2" ™ in f(2)(by + b1 + - - - + bpa® + by 12¥11) are equal to 0. The coefficients
of 1,z,...,2" are not affected by the addition of b;12**!, so we just need the coefficient
of 2**! to be 0:

aoka + albk + -+ ak+1b0 =0.

So let
b o —arby — -+ — apq1bo
k+1 — )
aop
and this is the only value that works.
Then g =Y 7 bya™ O

Theorem 2.4: Suppose f = >, a,z™. Then there exists a unique g such that fog = 1.
Moreover, g o f as well. ¢ is called the inverse of f and denoted by f~!.
Moreover, the coefficient of ™ in g depends only on aq, ..., a,.

Proof. Exercise. (Similar to the above proof.) O

2.3 Derivatives

We define the derivative the same way as in calculus.

Definition 2.5: Let f(z) = > 7 a,z". The derivative of f is

jﬂ(x):: 2{:71Gn$n_11=:jz:(n/+»1)an+1x".
n=1 n=0

The following can be proved just like it is proved for polynomials. (Alternatively,
conclude it from the corresponding result for polynomials, by noting that the coefficients
of 2" depends on only finitely many terms in the expressions below.)

Proposition 2.6: Let f, g be two power series and ¢ be a constant. Then
1. (Linearity) (cf +g) =cf 4+ ¢'.
2. (Product rule) (fg) = f'g+ fg'.
3. (Chain rule) For g with constant term 0, (f og) = (f' 0 g)g'.

We can state the product rule in a slightly different form, that will often be of use.

3
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Proposition 2.7 (Logarithmic differentiation): Suppose f = fi--- f, where fi1,..., f,

are power series. Then
f’:f(f_{+..._|_f_T/L)
fl fn

Proof. By the product rule,

f/:f{fon+flféfn++f1f2f;L

which gives the above after using f = f1--- fa.
Alternatively (and this is why the proposition is called logarithmic differentiation)

take In of both sides, differentiate, and use the chain rule, and note that (Inz) = %:

Inf=Infi+Info+---+Inf,

fF_h b 5
TRttt @)

which rearranges into the same identity.

Why is this justified? This identity is true if the f;’s are all polynomials, by calculus
and Theorem in the next subsection. Moreover, the coefficient of ™ on both sides
of will stay the same if each f, f; is replaced by a polynomial with coefficients of
1,z,..., 2" agreeing (so the coefficients of 1,...,2" of f{,..., f, will be the same; use
the last statement in Theorem , so the conclusion follows from the finite case. O

2.4 Analytic point of view

From calculus, we know how to expand functions in power series > a,z". For each
power series there is a 7 such that it converges absolutely? for |z| < r, but not for |z| > r.
In this domain we may differentiate and integrate and still have a convergent power series.

A table of power series and generating functions can be found in the Appendix. For

example,
2

R T
e =1+ 1 + o1 + .
We have equality in the calculus sense: both sides are equal as functions, i.e. give the
same result when we plug in any value for z.
An identity in formal power series automatically transfers to an identity in functions,
provided the functions converge. The following gives the opposite implication.

n=0
convergent power series on an interval (—¢,¢) around 0, and f(z) = g(z) for = € (—¢,¢).
Then a,, = b, for all n.

Theorem 2.8: Suppose f(z) = > a,z" and g(x) = Y~ b,2™ are two absolutely

Proof. Let h(z) = f(x) — g(x) = Y7 cpx™, where ¢, = a, — b,. If ¢, is not the zero
sequence, let m be the least integer so that ¢,, # 0. Then h(x) = 2™ (¢, + j(z)) where
J(2) = 1T + Cnyax® +- - - . Since power series are continuous, j(z) is continuous. Note
it equals 0 at x = 0, so is close to 0 for z close to 0. Taking x # 0 sufficiently small, we
have [j(x)| < |aml, s0 am + j(x) # 0 and h(x) # 0, contradiction. O

2That is, > lanz™] is finite.
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As a simple example, we know

=l4+z+a>+2°+--
11—z

holds for = € (—1, 1), so this is an identity of power series. (Recall we could also conclude
this by directly multiplying (1 —z) and 1 + 2 + 2% +---.)
Why is calculus useful?

1. It allows us to turn power series into familiar functions, which we can easily multiply,

divide, and differentiate, taking full advantage of algebraic identities (ex. sin®z -+

cos’x = 1—it would be annoying to the corresponding power series satisfy this

identity using the definition of multiplication for formal series!).

2. It allows us to substitute in values for x to get identities involving the coefficients,
or take limits (see Section [4.4)).

3. We could the tools of complex analysis to analyze the growth of the sequence. (This
is beyond the scope of this lecture.)

3 Applications to Algebra

We give two applications of generating functions to algebra. First, generating functions
are useful for finding closed formulas for sequences. The general strategy is the following.

1. Convert the recurrence relation for a, into an identity involving the generating
function f.

(a) Shift the sequence by multiplying by powers of . For fixed i, the generating
function for a,_; is f(z)x’; the generating function of a,; is x~*(f(z) — ag —
i—1
e — A1 X )

(b) The sequence (n + 1)a,; is obtained by taking the derivative of f.
(c) A term like a,by + - - - + agb,, is obtained by multiplying power series.

2. If we want a closed formula for the sequence, solve for f and extract the coefficients.

If we want to prove an identity or simplify and expression involving the sequence,
massage the identity for f so that the desired identity can be read off from equating
coefficients of x™.

3.1 Solving recurrences

Theorem 3.1: Suppose that ¢y # 0 and the roots of P(z) := 2 fep b 4+ e+
co = 0 are distinct and equal to rq,..., 7. The general solution to the linear recurrence

Up + Ch—1Gn—1 + -+ + Colp_p =0, n > k

where ¢q # 0, is
Ay = blT{L + bQTg +-- bk?”z (3)
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Proof. Let f(x) be the generating function for a,, so that f(z) = Y ", a,2™. We multiply
f(z) by powers of = to get the shifted sequences {a,_;}:

x o
' f(z) = Z a,x" Tt = Z Apix".
n=0 n=i

Thus the recurrence relation becomes
f(@) + ez f(z) + -+ coz® f(z) =0,

because the coefficient of 2" on left hand side is a,, + ¢p_1a,-1 + - -+ + co@p—_k, Which is
equal to 0. Dividing by 1+ cx_12+- -+ coz”®, we obtain f(x) = 0. Wait, that’s not right.
What went wrong?

The identity a,, + cg—1a,—1 + - -+ + coap—g = 0 is only valid for n > k. (Moral: always
be careful with small cases.) So for n < k, there is no restriction on the coefficient of z"
on the LHS. So instead, we should write

f(@) + ez f (@) + -+ " f(z) = do + iz + -+ dpgz! (4)

for some by, ...,b,_1. Now we use the following:
Theorem 3.2 (Partial fraction decomposition): Suppose p(z) and ¢(z) are polynomials
with degp < degq = k, and ¢ has distinct roots ry, ..., r,. Then there are by, ..., b, such
that ) )
x
p(x) 1 N k

q(x)  x—nr T =Ty
Hence dividing 1) by 1+cp_12+- - -+ coz¥, noting that ri are the zeros of 1+c¢p_1x+
s ek = a"P (o

, and using the above theorem gives

b1 by,
fla)= 2 bt
T — = T — =
T1 Tk
B _lel —’I“nbn
11—z 1—r,x

for some b;. (Conversely, given f(z) in the above form, holds for some b;, so f(x)
gives a valid sequence.) Now using the geometric series formula gives

k
f(@ = Z—T’ibi(l +7"i:L’+7"Z-2x2+r?x3+...)'
i=1

Extracting the nth coefficient gives

k

k
a, = Z —ribir] = Z bir?
i=1 i=1
after setting b, = —r;b;. O
Remark 3.3: In the general case, the general solution to the linear recurrence

Ap + Cr—1Qp_1 + -+ + Colp—g = O, n Z k

6
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where ¢y # 0, is given by

ay, = Z P.(x)r"

where the sum is over the roots 7 of the characteristic polynomial z* + c;_12F 1 +-- - + ¢
and P.(z) is a polynomial of degree less than the multiplicity of the root r in P. The
above proof can be adapted to solve the general version.

Note that generating sequences do not necessarily make for the most elegant or short
proofs. If we know the general form of the solution, we can prove show that it works just
by substituting in, and find an argument to show directly that all solutions are of that
form. But generating sequences are especially useful if we do not know the solution, since
they offer a methodical way to find it. For some deep results, though, no proof without
generating functions is known!

3.2 Newton sums

Let xq,xs,... be variables. In this subsection we develop the Newton formulas relating
the symmetric polynomials in the x;

Sn = E Ly Lig = * * Ly,

1<ii < <ip

and the power sums

Pn = Zx?

i>1

(For example, when we have 3 variables, sy = T125 + 7173+ T273 and py = 2% + 23 +:17§.
For convenience of notation we don’t restrict the number of variables; if we are working
with k variables we could just set 0 = x4 = x40 = ---. By convention sg = 1.)

We note that the s; and p; are the coefficients of powers of ¢ of the following generating
functions.

S(t) =L +ait) =1+ sit + s5t” + - --

i>1
T
P(t)zzl_mt:Z(xi—l—x?t—k---)=p1+p2t+---.
i>1 v i>1

Why do these expansions hold? Each term in the expansion of S(t) is a term of the form
Ty, - -, t" where the x;; are distinct, since we can only get a factor of z;, from the factor
(1 + x4,t). Since each z; always comes with a factor of ¢, ¢ acts as a “counter” giving
the total number of variables. Grouping the terms with ¢ we get all combinations of
products of n of the z;.

For P(t) the argument is simpler: expand in geometric series as shown above to get
that the coefficients of t"~! are the nth powers of the ;.

We want an identity involving s; and p; so we look for an identity involving S(¢) and
P(t). First we turn the 1 + zt; into 1 — x;t: define

U(t) = S(-t) = H(l —wit) =1 — 81t + sot? — s3t® 4+ -+ .

i>1
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Now use logarithmic differentiation (Proposition to get

\I’/(t) _ L
Ut) -2 1 — it

i>1

The right-hand side is just —P(t) (TA-DA!). Thus we get
—W'(t) = WU (t)P(t).
Now we match coefficients of t*~! on both sides. Note
—W'(t) = 51 — 259t + 3s31% — - - -

so the coefficient of "' is (—1)"*ns,. To get the coefficients of the right-hand side,
note that a term containing t"~1 on the RHS comes from multiplying (—1)%s;t* in ¥(t)
and a term p, ;#" "1 in P(t). Thus the coefficients of t"~! are
n—1
(_1)n+1nsn = Z(_l)lszpnfz = S0Pn — S1Pn—1 + -+ (_1)n715n71p1
=0
which is the Newton sum formula.

4 Applications to Combinatorics

In some combinatorial problems, we find a recurrence relation for the sequence of interest,
and then turn it into a generating series (see Section . In others, we build the gener-
ating function directly by multiplying together several power series, and note that every
resulting term is obtained by choosing one term from each of the series; the exponents
of the variable acts should like some “weight,” or some value of interest to the problem.
(See Theorem |4.4{ and Example [4.9])
See also the first lecture (http://onlinemathcircle.com/wp-content/uploads/2010/

12/1-beauty.pdf)) for an application of generating functions to counting change.

4.1 Binomial coefficients

By the binomial formula,
" /n
1+2)" = ",
ey =3 ()
Thus (14 2)" is the generating function for the sequence ("), > 0. This is a particularly

simple function; in fact is is just a polynomiall We can use this and our knowledge of
multiplying generating functions (or just polynomials) to get a quick identity.

Example 4.1 (Vandermonde convolution):

- ()67

(2

Proof. Consider the identity
1+2)"(1+2z)" =1+ z)™*".
The ith coefficient of (14 z)™ is ('), the (k — 4)th coefficient of (1 + )™ is (,".), and

the kth coefficient of (1 + z)™™ is (™™). The identity follows for the formula for the

product of generating functions, ((I). O


http://onlinemathcircle.com/wp-content/uploads/2010/12/1-beauty.pdf
http://onlinemathcircle.com/wp-content/uploads/2010/12/1-beauty.pdf
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4.2 Catalan numbers

The Catalan numbers are a famous sequence in combinatorics, and appear in many
different contexts. Below we give several equivalent definitions.

Definition 4.2: The Catalan number C,, is the

1. Number of binary trees with n vertices. A binary tree is a rooted tree so that each
vertex has at most two outgoing edges going to the left or right. For example, there
are 5 rooted trees with 3 vertices:

AOVANS

2. Number of sequences of n X’s and n Y’s such that in any initial segment, the
number of X'’s is at least the number of Y'’s.

3. Number of paths from (0, 0) to (n,n), that go right or up one unit at each step and
that do not go above the main diagonal y = x.

4. Number of ways to triangulate a (n + 2)-gon.

We first derive an identity for the C,,. We claim

Crs1 =Y ChCrg = CoCp + C1Cry + -+ + CuCo. (5)

k=0

using any of the definitions.

To count the number of binary trees with n + 1 vertices, note that if we take off the
root vertex of a tree with n + 1 vertices, the tree is split into two smaller binary trees, of
sizes k and n — k, for some 0 < k < n. There are C}.C,,_, possibilities for these smaller
trees. Moreover, this operation is reversible. Thus summing over 0 < k£ < n gives .

To see the formula holds for the second definition, given a sequence of X'’s and Y’s
satisfying the conditions (a ballot sequence), let k be the smallest nonnegative integer so
that there are as many X's as Y'’s in the first 2(k + 1) entries. Now delete the first entry
and the 2(k + 1)th entry, to get two sequences of lengths 2k and 2(n — k). The first is
a ballot sequence by minimality of & and the second is a ballot sequence since there are
as many X'’s as Y'’s before the second sequence. The construction is reversible, so we get
the same formula as before.

The third definition is equivalent to the second because we can associate taking a step
to the right with X and taking a step up as Y. The last definition is left to the reader.

Now let y be the generating function for C),. We turn our recurrence relation into
an identity involving f. ()1 is the coefficient of " in yT_l—note we subtract out the
constant term before dividing by z, so that the result is a power series. The RHS of ,

9
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> r—o CkChg, is the coefficient of 2™ in y*. Thus using the quadratic formula we get

y_lzyz
T

vy’ —y+1=0

C1+V1-—dx

Y

2z
Now using the binomial formula ((1+z)" = Y7 (7)a" where (") = Z; = w
we get
=Ny 2 /2(n—1)
1—4xr = (1 —4x)2 = 2 A\ =1 — “ n
A (i) =3 (e - 20

since for n > 0,

<n) =4y = % (%) (_71) (#) (=4)" = —%2"<2n ~3)(2n—5)---1

1 (2n — 2)! 2

n j—

n—1)  2/(2n-1)
Tt 2n=2)2n—4)---2 nlln—1)! —_ﬁ( n—1 >

In @ we take the — sign so that the constant term of the numerator 0 and y is a valid
power series. Then

Hence C,, = L(Q”)

n+1\n

4.3 Partitions

One of the most famous generating functions in combinatorics is that of the partition
function.

Definition 4.3: Let m be a nonnegative integer. A partition of m is a way to write it

as the sum of positive integers, with order not taken into account. In other words, it is

a sequences of positive integers (Aq, ..., A\x) with Ay > --- > X\, and Zle Ai =m.
Define p(n) to be the number of partitions of n. By convention, p(0) = 1.

Theorem 4.4: The generating function of the sequence p(n) is

Fla) = [ — (7)

1 —an’

Proof. A partition of n can be specified by a sequence (aq, as, ...) where q; is the number
of times ¢ appears in the partition. In order for this to specify a partition of n, we must

have
n
g a; = n.
i=1

10
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The number of such sequences a; is simply the coefficient of 2™ in

oo
H(1+xi—|—x2i+x3i+---)
i=1
since each term x" in the expansion comes from multiplying together terms of the form

2% where 2% is taken from the ith factor in the product above. Using the geometric
series formula gives . O]

We use the generating function to give an identity for p(n).

Example 4.5: For a positive integer m let o(m) denote the sum of divisors of m. Then

n

n-pn) = 3 ali)p(n — i)

=1

Proof. Note n - p(n) is the coefficient of z"~! in F'(z):

F'(z) = Z np(n)z"
n=1

Now letting f,(z) = ==, we have F(z) = []7, fu(z). Note

f_T/L _ ’I’LZL’n_l (1 B xn) _ nmn—l

fo (1 —am)? 1—an
so by logarithmic differentiation®

, = 1 < !
Flo) = F@) 3022 = F@) 30 1 0
m=1 """ m=1

Claim 4.6:

m=1 t=1

Proof. We expand using the geometric series formula and then exchange the order of
summation.

00 m—1 00 0o
mx _
E 1 - — E max™ 1 E :L,mk
m=1 - m=1 k=0
oo o0
:E E mxmk—l
m=1 k=1
= E mat™!
m>0, m|t
00

> (S

t=1 mlt

3Note there are infinitely many factors in the product. This is okay, because the coefficient of z™ will
be the same in F'(z) as in (f1 -« fne1)’, so the equation follows from the finite version for each n.

11
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What we did above, with less math notation, is just switch from reading the rows to
reading the columns of the below sum:

|H

= 1+ T+ 2+ 3+ e P+
= 20+ 2234 2254
= 32+ 35+
= 43+

= St

5 = 62°+

_.
vl
8

T
s
S

|

w
8
M

51
w8
|

T
8
kN

ot
8
kS

2
S
(e

o)+ o2x+ oB3)x*+ od)z’+ o(b)z*+ o(6)x°+

]
Putting the above result into (8) we get
> np(n)a"t = F'(x) = F(x) Y o(t)a'" = (Z p(n)z”) <Z a(t)xf—1> .
n=1 t=1 n=0 t=1
Matching the coefficients of 2"~! on both sides gives the desired result. O

The generating function @ for p(n) can in fact be used to obtain much more infor-

mation about p(n), such as congruences like p(5n +4) =0 (mod 5), and information on
its asymptotic growth.

4.4 Arithmetic progressions

For some problems we may use apply calculus to get information about the generating
functions, such as taking a limit.

Example 4.7: Suppose the the set of natural numbers is partitioned into arithmetic
sequences with first terms aq, . . . , a; and common differences r, . . . , 7, respectively. Then

L2+ +L=1
1 Tk
a ar __ k—1
2. & 4. o kol

Proof. Every natural number occurs in exactly one of the sequences {a,+nr;}5°,, ..., {ax+
nrE el o, SO

0o o] 00
E l,aﬁ—nm _|_ . + § xak—i—nrk — E xn‘
n=0 n=0 n=0

Using the geometric series formula, this becomes

x* n 4 Tk B 1
1—an 1—a% 11—z

This identity holds for |z| < 1. Multiply through by 1 — x:

xa1 :Cak
_|_...+ =
-l 4. b +1 ol 4o+ 1

1, |z <1 9)

12
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Now take the limit as x — 1~ to get

1 1
— -+ —=1 (10)
T1 Tk
as needed.
To get an identity involving the a;, we differentiate @ to bring the a; “out front”:

iai Ti—l .. 1 _ Q4 1_1 7"1'—2 e 1
Zax(:{; oo+ 1) —2%((r — Va2 4 +):O, o] <1

(it + -+ +1)?

=1

Now take the limit as x — 1~

k} 7’1'(7"1'—1) o
a;T; — g k a; 1
E 2 E —+—1]=0.
r? 2 + — (ri + 2r;

=1

Now use to get

4.5 Extracting coefficients

In this section we consider generating functions which are polynomials. Sometimes, rather
than finding a specific coefficient, we want to find a sum of coefficients, for instance the
sum of coefficients of ™ with n divisible by k. To do this, we evaluate the polynomial at
the kth roots of unity and take the average.*

Lemma 4.8: Let w = . Then the sum of the coefficients of 2" with kln in the
polynomial P(z) is

P(1) + P(w) + -+ + P(w*)
p .

Proof. For a kth root of unity ¢,

0, C#1

k_lz
1+¢4-+¢ {h il

If P(x) =Y 7, aya", the the contribution to the sum P(1) 4+ P(w) + - -+ P(w*!) from
the " terms is a,(1 + W™ + - - - + w"*~Y), which by the above, is a,k when w” =1 i.e.

k|n, and 0 otherwise. O
(Query: Given r, how would you find the sum of coefficients of ™ with n = r
(mod k)7)

A quick example: Suppose we want to find the number of subsets of an n-element
subset with number of elements divisible by 3. This is just the sum of the coefficients of

4For background on complex numbers see lecture 11, http://onlinemathcircle.com/wp-content/
uploads/2011/02/10-complex.pdf

13
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" (which are binomial coefficients (7)) for 3|i, in (1 +2)". Using Lemma (4.8 and letting
w = —145\/1 be the third root of unity, the answer is

n 143\ " 1—v3i\"
b (w21 (52) ¢ ()

3 3

Now for something more hardcore.

Example 4.9 (IMO 1995/6): Let p > 2 be a prime number and let A = {1,2,...,2p}.
Find the number of subsets of A having p elements and having sum of elements divisible

by p.

Solution. Consider the generating function

(I+z) (1 +a?) - (1+a™).

The coefficient of 2% in the expansion is the number of subsets of A whose sum of elements
is 7. Indeed, each subset of A is associated with a term in the expansion, by taking 1
from the ith term if i € A, and ' from the ith term if i € A.

Consider the generating function

A+y)A+y)---(1+y).

-
2p

The coefficient of 4/ in the expansion is the number of subsets of A with j elements.
Indeed, each subset of A is associated with a term in the expansion, by taking 1 from the
jth term if j € A, and y from the jth term if j € A.

But we want information about both the number of elements in the subset and the
sum of the elements in the subset, at the same time. What do we do? Put the two
together! Consider the generating function

P(z,y) = (1 +zy)(1 + 2%y) - (1 + 2%y).

The coefficient of 2%y’ is the number of subsets of A with j elements with sum of elements
equal to ¢. Think of the variables x and y as being counters for different things.

For example, in the case of p = 3, the term ay - 1- 2%y - 1- 2%y - 1 = 2% corresponds
to the subset {1, 3,5}.

Thus we want the sum of the coefficients of x'y? where p|i. Treating P(z,y) as a
polynomial in # and applying Lemma [4.8 we want the coefficient of y? in

1 p—1 omi
Py + Pwy)+---+ Py) e (11)
p

Note for ¢ # 1 a pth root of unity, 1,¢,...,¢?"! runs through all pth roots of unity and
hence t? — 1= (t —1)(t =) --- (t — ¢?!). Then

P(Cy) = [(1+Cy) - A+ Py)I[(1+¢PHy) - (1 + PPy))
[(1 + Cy) (14 ¢Py))?

v =y = Q) (my ™ = )P

Yt = 1) =y ]?

= (Y +1)°

14
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When ¢ =1,

P y) = (y+1)*

Putting these two cases together,

Py +---+ Py  y+D"+ -0 +1)°
p p

The coefficient of y? is

(2;) +2(p—1)

p

which is the answer.

5

Problems

. Find the generating function for the Fibonacci numbers, defined by Fy =0, F; =1

and F, o = F,, + F, 41 for n > 0. Then simplify the following (i.e. write it as an
expression involving only a fixed number of F}’s):

. Given that {a,}> satisfies > ja,p" " = b, for each integer n, find a,, in terms

of n and b,. Same problem, for ZZ o an(n —)p" " = by,

. Let
800
14+z+2>+---+25)1%0 = Zanx".
n=0
Find 3% na,,.
m n—+k n+m-+1
. Prove that ano( Z ) = ( J];Jr;“ ).
. Given n € Ny, find the number of k-tuples of nonnegative integers (as, . .., ax) such
that a1 + -+ + a; = n.
. Let n > 1 and consider a fair die D with n? faces, labeled 1,2, ...,n% Prove that

there exists two dice A and B, different from D, each with n? faces labeled by
positive integers, such that the probability distribution of the sum of two rolls of D
is the same as the probability distribution of the sum of one roll of A and one roll

of B.

. Let b, be the number of ways to write n as a sum of nonnegative integer powers of

2.

(a) Find the generating function for b,.

15
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10.

11.

12.

13.

(b) Prove that

,_
|3
[

b, = b;.

1=

[e=]
T

Try to find both a combinatorial and a generating function proof, for compar-
ison.

Let a, denote the number of ways to tile a 3 X n board with dominoes. Find a
generating function for a,, then give an explicit formula. (Note: you need to have
two generating functions for this problem. One is for a,; one is for the b, the
number of ways to tile a 3 X n rectangle with one corner missing.)

Five people stand at the vertices of a pentagon, throwing frisbees to each other. At
time 0, two people at adjacent vertices have the frisbees, and in each time interval,
each frisbee is thrown to the left or right with probability % This process continues
until one person receives two frisbees simultaneously. Let p,, be the probability that
the game ends after exactly n steps.

(a) Find a generating function for p,. (As in the previous problem, set up a system
of equations involving generating functions.)

(b) Find p,.

(c) Find the expected number of steps until the game ends (Y 2 np,). Hint:
differentiate. (This problem shows how generating functions can be useful
in probability. See [2, §8.4] for a cool application of generating functions to
coin-flipping games.)

(AwesomeMath Team Contest 2008, David Rush) If any element of the set
{0,1,...,m* -1}

is considered a digit in modified base m, prove that, for all positive integers n the

[z |41

number of modified base m representations of n is an integer multiple of ~=5

Show that the number of partitions of n into odd parts equals the number of par-
titions of n into distinct parts.

(IMO 2008/5) Let n and k be positive integers with k& > n and k — n an even
number. Let 2n lamps labelled 1,2, ..., 2n be given, each of which can be either on
or off. Initially all the lamps are off. We consider a sequence of steps: at each step
one of the lamps is switched (from on to off or from off to on).

Let N be the number of such sequences consisting of k steps and resulting in the
state where lamps 1 through n are all on, and lamps n + 1 through 2n are all off.
Let M be the number of such sequences consisiting of k steps and resulting in the
state where lamps 1 through n are all on, and lamps n + 1 through 2n are all off,
but where none of the lamps n + 1 through 2n is ever switched on.

Determine the ratio N/M.

Suppose that the natural numbers are written as a disjoint union of arithmetic
progressions with differences d; > dy > --- > d,,. Show d; = ds.

16
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14.

15.

16.

17.

18.
19.

20.

21.

22.

(Euler’s pentagonal number theorem) Prove that

o
H(l _ SEn) _ Z(_l)kxk(Skfl)/Q —1—r— IQ + 565 +x7 . x12 o l’15 4.
n=1 kEZ

Conclude that FGk 1)
_ 1Ykl _ —
p(n) = (=1)*'p (n 5 > :
keZ
(Hint: One way to proceed is to distribute the (1 —z) in each term, then distribute

the (1 — 2?), and so on; proceed by induction after coming up with a suitable
statement in terms of k. Combinatorial approaches are also possible.)

Show that
o 1 o0 :L‘m2
p— 1 .
E1-w +mZ:1(l—x)z(l—xQ)Q---(l—xm)z

(Hint: Given a partition, its corresponding Ferrers diagram is a left-justified array
of dots with k rows, where there are \; dots in the ith row. The Durfee square of
a Ferrers diagram is the largest square of dots, at the upper left hand corner of the
diagram. How does the Durfee square split up the Ferrers diagram?)

(AwesomeMath Team Contest 2010, Brian Basham) Fatty McButterpants is bored
and decides to toss stones into two buckets. Both buckets start with no stones,
and every second he throws a stone into the first bucket, the second bucket, or no
buckets, each with probability % After n seconds, what is the probability that the
number of stones in each bucket is divisible by 37

(Mathematical Reflections, O107) Let pq, p2, ps3 be distinct primes and let n be a
positive integer. Find the number of functions f : {1,2,...,2n} — {p1, p2,p3} for
which f(1)f(2)--- f(2n) is a perfect square.

How many subsets of {1,2,...,2000} have sum of elements divisible by 57

Let p and g be distinct primes greater than 2. How many subsets of size pq in
{1,2,...,2pq} have sum divisible by pq?

(ISL 2002/A5) Let m and n be integers greater than 1 and let a4, .. ., a, be integers,
none of which is divisible by m™~!. Prove that we can find integers e, ..., e,, not
all zero, such that |e;| < m for all ¢ and m"|eja; + - - - + epan.

(Putnam 1992) For nonnegative integers n and k, define Q(n, k) to be the coefficient
of z* in the expansion of (1 + x + 22 4+ x3)". Prove that

Qn, k) = ]i) (7;) <k: iﬂb2j>'

(Putnam 1997/B4) Let a,,, denote the coefficient of 2" in the expansion of (1 +
x + 2%)™. Prove that for all £ > 0,

|2k/3)
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23.

24.

25.

26.

6

(Putnam 1999/B3) Let A = {(z,y) : 0 < z,y < 1}. For (z,y) € A, let

S(xy)= Y 2"y,
2

<L
ST

NI

where the sum ranges over all pairs (m,n) of positive integers satisfying the indi-
cated inequalities. Evaluate

lim (1 —a2y?)(1 — 2%y)S(x,y).

(z,y)—1,(z,y)EA

(Putnam 2003/A6) For a set S of nonnegative integers, let rg(n) denote the number
of ordered pairs (s, s9) such that s; € S, sy € 5,51 # s9, and 1 + s = n. Is it
possible to partition the nonnegative integers into two sets A and B in such a way
that r4(n) = rg(n) for all n?

(Putnam 2005/B4) For positive integers m and n, let f(m,n) denote the number
of n-tuples (xy,...,z,) of integers such that |z;| + --- + |z,] < m. Show that

f<m>n) - f(n7m)

Start with a finite number of chips placed on the integers on a number line; suppose
¢; chips are placed on i. Let m and n be positive integers such that n > m. At
each step, we may remove m + n chips from an integer ¢ and place 1 chip on 7 + 1
and mn chips on ¢ — 1. Suppose for each integer ¢, there is a time after which the
number of chips on ¢ is constant. Let d; be this constant. Prove that

Z ent = Z d;n’.

1EL 1EL

Is this true for n replaced by m?

Appendix

Note the definition

:F: ol ,mE]R,nENO.

(m) m:  m(m—1)-(m—n+1)

18
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Sequence Generating function Closed form
1,1,1,... ;x" 1;:
1,-1,1,... ;(—1)":5" 1i$
1,72, gr”x” : —1mz
1,0,...,01,0,...,1,. ix"’f 1_1$k
— n—
() () G)omen ) 22(0) (142"
(0)-()-G)rem () (1t 2y
GO 2 |
0, %, 0, %, . ; (2(7;_1 :)|$2n+1 sin x
1,0,%,0,%,. ni;o (22)'x2” coshx = ewzew
O,—,O,l,. i L 22 | sinhz = ¢ -e”
13! £ (2n+ 1) 2
0,1,—%,%,—2,... ::1 (_172n1x” In(1+ z)

Let f(x) — ZZO:O anxn7 g(ZE) - ZZOZO b”xn’

Sequence Generating function
ca, + by, cf+yg
Ay, x™f
R
Aptm
I’m
cay, f(cx)
ngn (03 1 1) Fa™)
(n+ 1)apsq 1
na, xf
anb0+"'+a0bn fg
T
Qo+ + ay f
l—x
an_l, n>1 / f(u)du
n 0
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