Solutions to Lecture 8 — Polynomials

Holden Lee
2/4/2011

Values and Zeros

. This time it’s easier to guess the solution. The polynomial
Q0 =3 (7)o
i=0

has degree n and by the Binomial Theorem, satisfies the given conditions. Since
P(z) = Q(z) for n+ 1 values of z, actually P,Q are the same polynomial, and

Pn+1)=Q((n+1) = <Z (n—l— 1) (r— 1)Z> — (r =)™t =t (= 1)

- 2
=0

. Letting ray OQ; be the positive real axis, @); represent the nth roots of unity w?
in the complex plane. Hence PQ; equals |2 — w’|. The roots of 2" — 1 = 0 are
just the nth roots of unity, so 2" — 1 = H?;()l(m — w'). Plugging in x = 2 gives
[T, |PQi| =2"—1.

. The given condition says

f@ =x(x—1)(z—n)Q(x) +2* +1 (1)
for some polynomial f(x) of degree at most n. Plugging x = 0,1,...,n into (1)
gives

f(z) =+Va?+1, whenx =0,1,...,n. (2)

The following is key: Given n + 1 points (xo,%),- -, (Tn, yn) with distinct z-
coordinates, there exists exactly one polynomial f of degree at most n so that
flz;) =y; fori=0,1,... n.

Applying this to (2) we get 2" possibilities for f(z) since we have 2 choices of
sign for each of z = 0,1,...,n. If f(x) is a solution to (2) then so is —f(z); we get
2" possibilities for f(z)?. Solve (1) to get 2" possibilities for Q(x):

f@)? =2~ 1

Q(I):x(x—l)---(ac—n)

Each such polynomial is a valid solution because f(x)? — x? — 1 is zero at z =
0,1,...,n and hence is divisible by z(z — 1) --- (z — n).
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4. Clearing denominators,

Z [aix H (x +7)

i=1 i#j,1<j<5

—(z+ 1)@ +2)(z+3)(z+4)(x+5)=0

for v = 1,4,9,16,25. Let f(x) denote the LHS. Since f(z) = 0 has the roots
r =1,4,9,16,25, we conclude that (z — 1)(z —4)--- (x — 25) divides f(x). Since
f(z) has degree at most 5,

fx) =k(z—1)(x — 4)(x — 9)(z — 16)(x — 25)
for some constant k. However, equating
fO)=[-(x+1)(x+2)(x+3)(x+4)(x 4+ 5)]p=0 = —5!

and f(0) = —k - 5!% gives k = 4. Thus

o) = é(m )z — 4) (@ — 9)(z — 16)(x — 25).
Then
~a £(6%) 1
; 62+i a(z+1)(z+2)(z+3)(@x+4)(x+5)|seez 62
187465
 6744582°

5. Given two points (z1,41) and (z2,y2) the equation

Y—UY r — T
frd :> —_ To — T = (r — _
Yo — Y1 Lo — Ty (Y = y1)(r2 — 1) = ( )2 — 1)

represents the line passing through these two points (it is a linear equation satisfied
by the coordinares of the two points). It follows that three points (x1,y1), (22, y2)
and (3, ys) lie on the same line if and only if the condition

(y3 — y1)(v2 — 71) = (23 — 1) (Y2 — Y1) (3)

holds. Now suppose that (x1,41), (z2,92) and (x3,y3) represent the (changing)
coordinates of the three ducks as they waddle along their paths. Each coordinate
is a linear function of time ¢, so (3) is an equation in ¢ of degree at most 2 (i.e., is
a quadratic). If such an equation has more than 2 solutions then it must reduce to
an identity and thus hold true for all values of t. That is, if the ducks are in a row
at more than two times, then they are always in a row.

6. Note that g(x) is one of the 16 integer divisors of 2008 for each of the 81 integer
roots. There must be at least 6 roots of f(z) for which g(z) has the same value.
Since g(x) is nonconstant, its degree must be greater than 5.
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7. (Official solution) Let p(x) be the monic real polynomial of degree n. If n = 1, then
p(r) = r + a for some real number a, and p(x) is the average of x and x + 2a, each
of which has 1 real root. Now we assume that n > 1. Let

g(x) = (x =2)(x —4)--- (z = 2(n - 1)).

The degree of g(z) is n — 1. Consider the polynomials

q(x) = 2" — kg(x),r(z) = 2p(z) — q(z) = 2p(x) — 2" + kg(x).
We will show that for large enough £ these two polynomials have n real roots. Since
they are monic and their average is clearly p(x), this will solve the problem.

Consider the values of the polynomial g(z) at n points x = 1,3,5,...,2n—1. These
values alternate in sign and are at least 1 (since at most two of the factors have
magnitude 1 and the others have magnitude at least 2). On the other hand, there is
a constant ¢ > 0 such that for 0 < 2 < n, we have |2"| < cand |2p(z)—2"| < ¢. Take
k > c. Then we see that ¢(x) and r(x) evaluated at n points x = 1,3,5,...,2n — 1
alternate in sign. Thus ¢(x) and r(x) each has at least n — 1 real roots. However
since they are polynomials of degree n, they must have n real roots, as desired.

8. Without loss of generality, suppose deg(f) < deg(g). Let rq,...,r be the distinct
roots of f and let sq,...,s; be the distinct roots of f — 1.

We claim that k + [ > deg(n) + 1. Indeed, suppose

Fl£) = (&= r)P (= ).

Then
AR RS L g
Similarly, if
fla) =1=(z—s)" - (2 —s)",
then

(x—s)0 (=)t | f
Since the roots of f and f — 1 are distinct,
(o=t o ) = )
Since f’ has degree n — 1,
pi—-D+...+m—-D+(@—-1+...(ag—1) <n-1

Since p1+...+pr =@+ ...+ q = n, this gives (n — k) + (n—1) <n-—1, or
E+1>n+1.

Now f—g has degree at most n and has at least n+1 distinct roots 1,79, ..., 7%, S1, ..., S,
so it must be identically 0, and f = g.
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2 Symmetric Polynomials and Vieta’s Formulas

1. Note the polynomial has degree 2000 since the 22! terms cancel out. By the
Binomial Theorem, the coefficients of 22°°° and 2% are 2001 (3) and —(*%") (%)2,
respectively. By Vieta’s formula the sum of the roots is

- _50(2)1)((;)) =0

2. Using Vieta’s formulas with the roots r;,
Y5 - () (S
r?) T Ty
_ ZT1T27‘3T4 2_2 27”17“27"3
T1T2T3r4Ts T1T2T3r4Ts

92 2(-7) 73

T (-1 -1t 121

3. (a) The roots 1,79, 3 satisfy the equation (%)3 +a (%)2 +b (i) + ¢ = 0. Clearing

denominators, they are roots to cx® + bx? + ax + 1, and hence to

3 b,y a 1
"+ -+ -+ -
c c c
(b) By Vieta’s formula, r; +re+135 = —a, rire +rors +ryry = b, and rirers = —c.

We calculate the elementary symmetric sums in ry 4+ ro, 1o + 13,73 4+ 71:

(11 +12) + (r2+13) + (rs +11) = —2a
(7’1 +7’2)(7”2 + Tg) -+ (7’2 +?”3>(T3 + 7’1)
+(rs 4+ 71)(r1 +12) = (11 + 1o +173)% + (r170g + rors + 7377
=a’+b
(Tl —|—T2)(T2 +T3>(T3 + 7’1) = (Tl + 19 +7’3)(T1T2 + TaTs3 +T3T1) — 117273
= —ab+c

Hence by Vieta’s formulas (using the roots to get the coefficients), ry 4 ro, 7o+
r3,r3 + r1 are roots of

2?4 2a2® + (a® + b)x + (ab — ¢).

(c) We calculate the elementary symmetric sums in 7%, r3, r3:

T‘% + T% + 7“32) = (Tl + 72+ 7“3)2 - 2(T1T2 + rors + 7‘37“1) =a’>—2b

22, .22 22 2 2
riry + ryry 4 ryry = (rire 4 rors + r3ry)° — 2rrars(ry + 2 + r3) = b° — 2ac

2.2.2 _ 2
Tl = C

Hence by Vieta’s formulas, 77,3, 73 are roots of

2?4+ (2b — a®)2® + (b* — ac)z — .
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4. The coefficient of 22 is 0 so r + s+t = 0. Using rst = %, we get

(r+sP+(s+t)*+t+r)?=20r+s+1)°—3(r+s+1t)(rs—+st+tr)— 3rst
—2008
:—3< s ):—753.

5. Let y = 2"17; the equation becomes 1y® + 4y = 2y 4+ 1 which rearranges to
y3 — 8y% + 16y — 4 = 0. Let y1, 2, y3 be the roots of this equation and 1, 22, 3 be
the solutions to the original equation. Then

2111(x1+12+x3) — y1y2y3 — 4

by Vieta’s formula so x; + x9 + 23 = ﬁ log, 4 = % and the answer is 113.

6. To simplify the calculation, we first divide P(z) by Q(z) to obtain
P(z) = Qx)(z* + 1)+ 2* —z + 1.

Thus

4 4 4 4

> PE) =) Q)+ + ) (5 —zm+4) =) (27 —z+4).

=1 i=1 =1 =1

The first and second elementary symmetric sums equal 1 and —1 by Vieta. Hence
the above sum equals

4 2 4
(Zz,) —2 Y zmzm =Y m+4d=1+2-1+4=6

i=1 1<i<j<4 i=1

3 Fundamental Theorem of Algebra

1. Write the equation as

20— 1

x2—1

(9(x) +ih(z))(g(x) — ih(z)) =

Counting the number of possibilities for (f(x),g(x)) is the same as counting the
number of possibilities for f(x) = g(x) + ih(z). Thus we need to count the number
of complex polynomials f(x) such that

20
- ¥ —1
x)f(x) = .
f@)fa) =5
The zeros of 2220:11 can be split in complex conjugate pairs P, ..., Py, since they are

the nonreal 20th roots of unity. If r is a zero of f(z) then 7 is a zero of f(x). Thus
f(x) must have as a zero one number in each pair P;, and f(x) has as its zeros the
other number in each pair P;. There are 2° = 512 choices for which zeros in each
pair to choose as zeros of f(x). The answer is 512.



